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Let End S denote the endomorphism semigroup of a semigroup S. If S and Tare 
bands (i.e., idempotent semigroups), then every isomorphism of End S onto End T 
is induced by a uniquely determined bijection of S onto T. This bijection either 
preserves both the natural order relation and O-quasi-order relation on S or rever- 
ses both these relations. If S is a normal band, then the bijection induces 
isomorphisms of all rectangular components of S onto those of T, or it induces 
anti-isomorphisms of the rectangular components. If both 5’ and T are normal 
bands, then S and T are isomorphic, or anti-isomorphic, or Sg Y x C and 
Tz Y* x C, where Y is a chain considered as a lower semilattice, Y* is a dual chain, 
and C is a rectangular band, or S= Y x C, Tr Y* x C*rr, where Y, Y*, and C are 
as above and Cow is antiisomorphic to C. 0 1985 Academic Press, Inc. 
The following well-known problem is considered in this paper. Suppose 
S and T are two mathematical structures of the same type. Let End S 
denote the semigroup of all self-morphisms of S into itself. Suppose that 
End T is an analogous semigroup for T and the semigroups End S and 
End T are isomorphic. What can be said about interrelations of S and 77 
This problem is quite natural (see, for example, [18]). Of course, if S and 
T are isomorphic, then End S and End T are isomorphic. If S and T are 
Boolean algebras, then the converse holds [17]: if the semigroups of 
endomorphisms End S and End T are isomorphic, then S and T are 
isomorphic. For Boolean rings this result was also obtained in [7, 9). 
However, if S and T are distributive lattices and End S is isomorphic to 
End T, then S and T need not be isomorphic: they are either isomoprhic or 
dually isomorphic [17, 11. A corresponding result for bounded distributive 
lattices may be found in [lo]. One of the first results in this direction 
belongs to Gluskin [4], who proved that if S and Tare (partially) ordered 
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sets with isomorphic semigroups of isotone self-maps, then S and T are 
either isomorphic or dually isomorphic. There is a wealth of analogous 
results for other structures. See [ 111 for a survey of results when S and T 
are graphs, and [8, 51 for a survey when S and T are topological spaces. 
Here we consider this problem when S and T are idempotent 
semigroups. The most satisfactory results (Theorem 3) are obtained in the 
case when both S and T are normal bands. This is due to the fact that the 
variety of normal bands is the greatest variety of bands which consists of 
residually finite algebras [3] (see also [ 151). 
Some of our main results were announced with outlines of proofs in a 
virtually inaccessible multigraphed edition [ 163 with a press run of 600 
copies. For completeness’ sake, we give here detailed proofs of all results 
announced in [ 163. 
Suppose f and g are mappings of a set A, into a set B, and of a set A, 
into a set B2, respectively. Thenf 0 g is a mapping of Al x A2 into B1 x B, 
defined as follows: f0 g(a,,~~)=(f(a,),g(a,)) for all u,EA,, u,EA~. 
Clearly, if f and g are bijections, then f 0 g is a bijection as well. 
Suppose f is a bijection of a semigroup (or groupoid) S onto a groupoid 
T. Let a E End S. We consider a as a subset of S x S, i.e., (sl, s2) E a-s 
s,a=s,foranys,,s,ES.SincefOSisabijectionofSxSonto TxT, we 
may apply J-0 f to a. Then fUf( a 1s a self-map of T. Thus f 0 f ) 
produces a one-to-one mapping nJ of End S into the set of all self-maps of 
T: Qa) =f 0 f(a). If K~ happens to be a mapping of End S onto End T, 
then clearly 7c,- is an isomorphism of End S onto End T. In this case nr is 
called the isomorphism induced by fi 
Clearly, iffis either an isomorphism or an anti-isomorphism of S onto 
T, then f induces an isomorphism of End S onto End T. We are interested 
in the converse problem: given an isomorphism R of End S onto End T, 
when is K induced by a bijection of S onto T; and if 71 is induced, when is 
the bijection an isomorphism or an anti-isomorphism? 
It is easy to see that End S need not determine the structure of S up to 
isomorphism or anti-isomorphism. 
EXAMPLE. On the set (0, l} of integers introduce the following 
algebraic structures: 
(1) the two-element group Z2; 
(2) the zero semigroup with zero 0; 
(3) a nonassociative groupoid with the multiplication 00 = 01 = 
ll=O, lO=l. 
Clearly, all three groupoids have precisely the same endomorphisms: the 
identity mapping and the constant mapping of (0, 1 > into (0). Thus we 
have a group, a semigroup which is not a group, and a groupoid which is 
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not a semigroup. All of them have isomorphic (in fact, coinciding) 
endomorphism semigroups. While group Z, and the zero semigroup in (2) 
are commutative, the nonassociative groupoid (3) is not commutative. 
A band (i.e., an idempotent semigroup) need not be determined by its 
endomorphism semigroup. For example, if Y, is a two-element semilattice, 
then End Y, is a three-element semigroup which is a two-element right 
zero semigroup with an identity adjoined. By Proposition 4 of [6] there 
are arbitrarily many semigroups S with End S isomorphic to End Y,. It is 
easy to see that, unless S- Y,, such semigroups S cannot be bands. 
Indeed, if S is a band, then, for every s E S, a constant mapping of S into 
(s} is a right zero of End S, so End S has at least as many right zeros as 
there are idempotents in S. Thus, if S is a band, S cannot have more than 
two elements. It follows easily that if S is a band then S- Y,. In fact, it can 
be easily shown that if S is finite (or periodic), then SE Y, (I owe this 
remark to J. Sichler). However, one can produce finite groupoids S which 
are not semigroups such that End 5’~ End Y,. 
PROPOSITION 1. If S and T are idempotent groupaids and 4 is an 
isomorphism of End S onto End T, then 1+4 = 7~~ for a uniquely determined 
bijection f of S onto T. 
Proof: Indeed, let c, denote the constant map of S into {s}, where s E S. 
Clearly, c, E End S. If CI E End S, then (sl a) c, = s for every s1 E S. It follows 
that CK, = c,, i.e., c, is a right zero of End S. Conversely if a is a right zero 
of End S, then (slc,) c1= SLX for every si ES. It follows that CI = C,CI = c,,, 
i.e., that a is a constant map. Thus, the set of all constant maps coincides 
with the set of all right zeros of End S. (In fact, it follows from our proof 
that the same conclusion holds for all groupoids possessing at least one 
idempotent element.) 
Isomorphisms map right zeros into right zeros. Thus, b(c,) = c, for some 
t E T. Let t =f (s), so that $(c,) = cfis, for every s E S. We omit a trivial 
verification of the fact that f is a bijection of S onto T. Now, as is easily 
seen, for every s,, So E S and 0: E End S, 
slcl=s2c> c,, a = cs2 * Q(cs, co = Q(cs,) 
-f(s,,4(4 = qs,,-?fbJ 4(a) =A4 
which shows that 4 is induced by f: 
If 4 is induced by another bijection g of S onto T, then crcs, = 4(c,) = c+) 
for every s E S, hence f(s) = g(s) and f = g. Thus g is uniquely determined. 
Proposition 1 is proved. 
Next we consider two bands, S and T, with isomorphic endomorphism 
semigroups. If 4 is an isomorphism of End S onto End T, then, according 
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to Proposition 1, there exists a bijection f: S + T which induces 4. We can 
define another multiplication * on S as follows: s,*s,=s,ef(~~)f(~~)= 
f(s3) in T. Then (S, *) is a band isomorphic to T, and f is the isomorphism. 
Thus we will have two band structures on S: the original band (S, a) and 
the band (S, *) isomorphic to T. Moreover, (S, . ) and (S, *) have the same 
endomorphisms. Indeed, if a E End (S, .), then $(a) E End T. Since 4 is 
induced by f and f is an isomorphism of (S, *) onto T we obtain 
in-.-mediately that a E End(S, *). Analogously, a E End(S, *) implies 
a E End(S, *), i.e., End(S, *) = End(S, *). 
All this shows that the study of interrelations between two bands with 
isomorphic endomorphism semigroups can be easily reduced to a study 
of interrelations of two band multiplications on a same set with 
endomorphisms being the same for each of the multiplications. 
For each band S we introduce two binary relations between the elements 
of S, w  and a: 
It is well known that a is a (partial) order relation while w  is a quasi- 
order (i.e., reflexive and transitive) relation. Also, o is stable, i.e., 
(sl, s2) E o, (s3, s4) E CO + (s,s3, s2s4) E w. Every band S is a semilattice Y of 
rectangular bands {S,: e E Y} and, for s1 E S,, s2 E S, we have (sl, s2) E o o 
e <f, where e <f means e= ef=fe in Y. The semilattice Y is called the 
structural semilattice of S. The subbands S,, eo Y, are called the rec- 
tangular components of S. Every rectangular component is a rectangular 
band, i.e., it satisfies the identity xyx = x. Readers who are not familiar with 
all this may consult any book on semigroups, e.g., [2]. 
For every binary relation p on S the converse relation is denoted by 
P - I, thus (si , s2) E p - ’ o(s2, s,)~p. Let K=CD~CI-~ be the symmetric 
part of CO. Then (sl, s2) E K precisely when s1 and s2 belong to a same rec- 
tangular component of S. Thus K is an equivalence relation with S,, e E Y 
being its equivalence classes. 
THEOREM 1. Let I$ be an isomorphism of End S onto End T for two 
bands, S and T, and let f  be a bijection of S onto T which induces 4. Then 
one of the following two cases holds: 
(1) the bijection f  preserves CO and a, i.e., 
(Slv S2)EOSO(f(Sl),f(SZ))EOT, 
(s1,s2)Ea,o(f(s,),f(s2))~a, 
for all s,, s2 E S; 
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(2) The bijection f reverses o and cc, and o is a linear quasi-order 
relation, i.e. 
(sl,s,)Ewso(f(S*),f(Sl))EWT, 
Proof Using Proposition 1, we may consider the case when S and T 
have the same set of elements and when f is the identity mapping. 
Therefore, without loss of generality we assume that (S; .) and (S; *) are 
the two bands with coinciding endomorphisms. Then o., a. will be the 
relations on (S; +) while w*, a* denote the corresponding relations on 
(S; *i 
A proper subsemigroup whose complement is an ideal is called a filter. 
An ideal whose complement is a subsemigroup is called a prime ideal. Let 
Y, = (0, 1 } denote a semilattice of order 2 with 0 < 1. 
LEMMA 1. A mapping 4 of any semigroup S onto a two-element semilat- 
tice Y, is a homomorphism if and only if the inverse image of 1 under 4 is a 
filter of S (or, equivalently, the inverse image of 0 under 4 is a prime ideal of 
S). 
Proof. Obvious. 
Suppose F is a filter of (S, .). If (s, t) E K i.e., if s = sts and t = tst, then s 
and t both belong or do not belong to F. Indeed, if s E F and t P F, then 
s = sts & F because the complement of F is an ideal. Since F is a proper sub- 
set of S, K has more than one equivalence class. In other words, the 
semilattice Y’ = (S; *)/K is not a singleton. Therefore, one can choose two 
distinct elements S, and S, of Y such that S, < S, in Y. Take s E S,, t E S,, 
then (s, t) E o’. Clearly t # tst because e #J It is easy to see that (tst, t) E a; 
i.e., A = (tst, t} is a two-element subsemilattice of (S; .). Define a mapping 
4 F,A of S onto A as follows: 
x4&4 = 
{ 
t for x E F, 
tst forxcfF. 
LEMMA 2. The mapping I$~,~ is an endomorphism of (S; .). 
ProojI Obvious. 
It follows that +F,A is an endomorphism of (S, *) as well. Therefore A is 
a subsemigroup of (S; *). 
LEMMA 3. A is a subsemilattice of (S; *). 
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Proof. A is a band of order two. Thus A is a semilattice, a right zero 
semigroup, or a left zero semigroup. Assume that (A; *) is a right zero sub- 
semigroup or a left zero subsemigroup of (S; *). Then the mapping $ of S 
onto A defined by the formula 
X*= 
t for x d F, 
tst for x E F, 
is an endomorphism of (S; *). Indeed, $ = &, where x is the nontrivial 
automorphism of (A; *) which always exists by our assumption. 
Therefore $ is an endomorphism of (S; .). By Lemma 1, F is a prime 
ideal of (S: *) because F is the inverse image of tst under $. Therefore both 
F and its complement are ideals of (S; .) which is a contradiction because 
no two ideals of a semigroup are disjoint. It follows that (A; *) is neither a 
right-zero nor a left-zero semigroup. Therefore (A; *) is a semilattice. This 
completes the proof of Lemma 3. 
LEMMA 4. One of the following two possibilities holds: 
(1) the bands (S; *) and (S; *) have exactly the same filters; 
(2) the set of allfilters of (S; -) is exactly the set of all prime ideals of 
(S; *). 
Proof. It follows from Lemmas 1, 2, 3 that every filter F of (S; *) is 
either a filter or a prime ideal of (S; *). 
Suppose that F and G are filters of (S; *). Then dER and q5G,A both are 
endomorphisms of (S; e). Thus, the two mappings are endomorphisms of 
(S; *). It follows from Lemmas 1 and 3 that either F and G are filters of 
(S; *), or F and G are prime ideals of (S; *). It follows imediately that if at 
least one of the filters of (S; .) is a filter of (S; *), then statement (1) of our 
Lemma holds. The only other possibility is that at least one of the filters of 
(S; *) is a prime ideal of (S; *). In this case statement (2) of our Lemma 
holds. Lemma 4 is proved. 
LEMMA 5. For every band S and for every s, t E S the following two 
statements are equivalent: 
(1) (s, t)EO; 
(2) s E F * t E F for every filter F of S. 
Proof. This lemma belongs to the semigroup folklore. We give its proof 
for completeness’ sake. 
Suppose that (s, t) E CO, i.e., s = sts. If t # F for a filter F, then t belongs to 
the ideal which is a complement of F. In this case s=sts belongs to the 
same ideal, i.e., s C F. Thus s E F a t E F. 
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Conversely, suppose that SE F=z- t E F holds for every filter F. By 
Lemma 1, for every homomorphism 4 of S onto Y2 = (0, l), the two- 
element semilattice, 4(s) = 1 =4(t) = 1. In other words, this means 
d(s) <d(t) for all such homomorphisms 4. Since every semilattice is a sub- 
direct product of two-element semilattices, d(s) <&t) for all two-valued 
homomorphisms is equivalent to a < /3, where s E S,, t E S,, ~1, /? E Y. 
However, this means exactly that (s, t) E o. Lemma 5 is proved. 
LEMMA 6. If (S; .) and (S; * ) have the same filters, then w’ = o* and 
a’ = a*. 
Proof: Condition (2) of Lemma 5 holds simultaneously for (S; .) and 
(S; *). Thus, o’=o* by Lemma 5. Now suppose that (s, t) E a’. If s = t, 
then (s, t)Ea*. Suppose that s # t. Then A = {s, t} is a two-element sub- 
semilattice of (S; *). In this case (S; .) cannot be a rectangular band. 
Therefore (S; .) has a filter F. We can construct an endomorphism bF,A as 
described above. Since 4F,A E End(S; *) and F is a filter of (S; *), we obtain 
that A is a subsemilattice of (S; *) and s is its least element. Thus (s, t) E a*. 
Analogously, if (s, t) E a * then (s, t)Ea’. Therefore a’=a*. Lemma 6 is 
proved. 
LEMMA 7. If the filters of (S; 9) are exactly the prime ideals of (S; *), 
then w.=(o*)-‘, a-=(a*)-‘. 
Proof: By Lemma 5, (s, t) E w* if and only if s E F * t E F for all filters F 
of (S; s). This condition can be also written as t E F as E I;‘, where F is the 
complement of F in S. Since F is a typical prime ideal of (S; *), it follows 
that F is a typical filter of (S; *). Thus (t, s) E o*. This means that 
(s, t)eco*o(t,s)Eco*, i.e., w.=(o*)-i. 
Now suppose that (s, t) E a’ and s # t. Then A = (s, t} is a subsemilattice 
of (S; .). If F is any filter of (S; a), then bF,A E End(S; *). Therefore 
4 F,A E End(S; *). Since F is a prime ideal of (S; *), it follows that A is a 
subsemilattice of (S; *) with t being its least element. Thus (t, s) E a*. This 
argument can be reversed; it shows that (s, t) E 01’0 (t, s) E a*, i.e., that 
a’= (a*)-‘. Lemma 7 is proved. 
For every SES define F,= {tES: (s, t)Ew.). 
LEMMA 8. For every s E S either F, = S or Fs is a filter of (5’; .). 
Proof: Suppose that tl, t2 E Fs. It follows that (s, tl) E o’ and (s, t2) E w’. 
Therefore (s*, t, t2) EO’, hence tl t, E F, because s* = s. Thus F, is a sub- 
semigroup. Suppose now that u k F,. If UXE I;, for some XE S, then 
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(s, ux) E o’. Since (ux, U) E 0’ and o* is transitive, we obtain (s, U) E 0’ i.e. 
u E F,. This contradiction shows that ux 6 F,. Analogously, xu # F,. Thus 
F: is either empty, or an ideal of (S; .). Therefore, F, = S or F, is a filter of 
(S; a). Lemma 8 is proved. 
LEMMA 9. Zf P and Q are prime ideals of a semigroup S, then Pv Q is a 
prime ideal of S or P v Q = S. 
Proof: Clearly, P u Q is an ideal of S. Since (P u Q)’ = P’ n Q’, and P’, 
Q’ are subsemigroups of S, either P u Q = S or (P u Q)’ is a subsemigroup 
of S. In the latter case P u Q is a prime ideal of S. Lemma 9 is proved. 
LEMMA 10. Zf the filters of (S: .) are exactly the prime ideals of (S; *), 
then the structural semilattices of both (S; .) and (S; *) are chains. 
Proof Let s, t E S. By Lemma 8, F, and F, are either filters of (S; .) or 
coincide with S. Thus F, and F, are prime ideals of (S; *) or coincide with 
S. By Lemma 10, F, u F, is a prime ideal of (S; *) or coincides with S. Thus 
F, u F, is a filter of (S; .) or coincides with S. In either case F, u F, is a sub- 
semigroup of (S; .). Clearly, s E F,, t E F,. Therefore st E F,u F,. If st E F, 
then (s, st) E 0’ and if st E F, then (t, st) E w*. Thus (s, st) E o’ or (t, st) E co’ 
for every s, t E S. Suppose that s E S,, t E S, for some a, fi E Y. It follows 
that st E S, S, c S,, . If (s, st) E w’ then a < UP in Y; if (t, st) E w  then a d afl 
in ~.Sincea~~aanda~~~,weobtaina~~or~~aforanya,~~~.It 
follows that Y is linearly ordered, i.e., Y is a chain. Since Y* is dually 
ordered, Y* is a chain as well. This completes the proof of Lemma 10. 
Theorem 1 easily follows from Lemmas 6, 7, and 10. 
COROLLARY. Zf S and T are semilattices with isomorphic endomorphism 
semigroups, then S and T are either isomorphic or dually ordered chains. 
Proof Every semilattice is isomorphic to its structural semilattice, its 
rectangular components being singletons. This corollary was also proved in 
[17] and [19]. 
In the sequel (see Theorem 3) we will be able to prove a much more 
general result. 
A band is called normal if it satisfies the identity xyzx = xzyx. It is 
known [20] that normal bands satisfy a stronger identity xyzu = xzyu. 
THEOREM 2. Suppose that S and T are bands and xf is an isomorphism of 
End S onto End T induced by a bijection f of S onto T. Zf S is a normal 
band, one of the following alternatives holds: 
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(1) for every rectangular component C of S, f ( e is an isomorphism of 
C onto a rectangular component of T; 
(2) for every rectangular component C of S, f 1 c is an anti- 
isomorphism of C onto a rectangular component of T. 
Proof By Proposition 1, the fact that nY is induced by a bijection f is 
not a restriction or limitation because every isomorphism of End S onto 
End T is induced by a uniquely determined bijection of S onto T. By the 
same Proposition we may assume that S = (S; .), T = (S; *) and End 
S = End T. By Theorem 1, K = rc*, hence S and T have the same partitions 
into rectangular components. 
To complete the proof we need a few technical results. 
LEMMA 11. Define two binary relations, ER and EL, on a normal band S: 
for every s, t E S, (s, t) E E, if and only if us = ut for some u E S; (s, t) E E, if 
and only if su = tu for some u E S. Then E, and EL are congruences, SfE, is 
a right zero semigroup, S/E, is a left zero semigroup; and if C is a con- 
gruence on S such that S/C is a right (left) zero semigroup, then ER c C 
6% = 0 
ProoJ We consider ER only. The proof for E, is dual. It is clear that 
ER is reflexive and symmetric. Suppose that (s, t) E E, and (t, w) E E,, i.e., 
us = ul, vt = VW for some u, v E S. It follows that 
vus = out = vvut = vuvt = vuvw = vvuw = vuw, 
hence (s, w) E ER and ER is transitive. Now suppose that (si, tJ E E, for 
i = 1,2. This means that uisi = u,ti for certain uif S. It follows that 
U~U~s,S~=U~U~tlS~ 
=U*U*U1t,S~=U~U~t,U*S~=U*U,t~U*t* 
= u~u*u~ t, t2 = u*u, fl t,, 
i.e., (sis,, t, t2) E RR. Thus E, is a congruence. It follows from s. t = s * st 
that (t,st)cE,, i.e., S/E, is a right zero semigroup. Suppose that C is a 
congruence such that S/C is a right zero semigroup. Let (s, t) E EI(, i.e., 
us = ut for some u E S. Since (s, US) E C, (ut, t) E C and us = ut, we obtain 
(s, t) E C. Therefore ER c C. This completes the proof of Lemma 11. 
Let R2 and L, denote a right zero semigroup of order 2 and a left zero 
semigroup of order 2, respectively. Adding a (two-sided) zero to R, and L, 
we obtain three-element semigroups Ri and L;. 
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LEMMA 12. Let s and t be distinct elements of a normal band S, and let 
{s, t} be a right (left) zero subsemigroup of S. The following two properties 
are equivalent: 
(1) there exists u E S such that {s, t, u} is a subsemigroup of type Ri 
(of type W; 
(2) (s, f)EER ((s, f)EEd. 
Proof. We consider only the case when {s, t } is a subsemigroup of 
type R;. The case of L, is treated analogously. 
Suppose that (1) holds. Then us = u = ut, hence (s, t) E ER. 
Conversely, suppose that (s, t) E E,, i.e., vs= vt for some VE S. Let 
u = svs. Then su = us = u, ut = svst = sot = svs = u, tu = tsvs = svs = u, hence 
{s, t, u} is a subsemigroup of type R!. Lemma 12 is proved. 
Now we are ready to prove Theorem 2. Suppose that (S; a) is a normal 
band and End (S; *) = End (S; *). Let there exist s, t E S such that s # t and 
A = {s, t} is a right zero subsemigroup of (S; .). We consider two cases. 
Case 1. Let (s, t) cf ER. If f is the natural homomorphism of S onto 
S/ER, then sf # $ Therefore, there exists a homomorphism g: S/E, --) A 
such that (sf) g # (tf) g. Let h = fg be the homomorphism S -+ A. Then 
sh # th. We can consider h as an endomorphism of (S; n). In this case 
h E End(S; *). It follows that A is a subband of (S; *). If a is a nontrivial 
automorphism of (A; *), then ha E End(S; .). Therefore her E End(S; *). It 
follows that 01 is an automorphism of (A; *). If (A; *) is a subsemilattice of 
(S; *), then (A; *) cannot have a nontrivial automorphism. Thus (A; *) is 
not a semilattice. It follows that (A; *) is a right zero semigroup or a left 
zero semigroup. If (A; *) is a left zero semigroup we can always replace 
(S; *) with an opposite semigroup (S; q ), defining s 0 t = t * s for all s, 
t E S. Then (A; 0 ) will be a right zero subsemigroup of (S; q ) and 
End(S; *) = End(S; q ). Therefore we suppose that (A; *) is a right zero 
semigroup. 
Suppose that (B; *) is another right zero subsemigroup of (S; .). Then 
there exists an isomorphism 
P:(A;-)+(B;.). 
Therefore hj?E End(S; .). If follows that hfloEnd(S; *), i.e., fl is an 
isomorphism of (A; *) and (B; *). Thus (B; *) is a right zero subsemigroup 
of (S; *). Thus, every two-element right zero subsemigroup of (S; *) is a 
right zero subsemigroup of (S; *). 
Note that this conclusion holds if there exist two elements s, t E S such 
that (s, t) C ER and (s, t} is a right zero subsemigroup of (S; .). 
4Rl/96’2-I6 
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Case 2. For every two-element right zero subsemigroup A = {s, t} of 
(3, *) we have (s, t) E ER. 
In this case, by Lemma 12, we can always find UE S such that 
B = {s, t, U} is a subsemigroup of (S; .) of type Ri. 
It is known [ 14, 121 (see also [13] which immediately implies this 
result) that these are all (up to isomorphism) subdirectly irreducible nor- 
mal bands: Y,, R,, L,, Ri, Li. By our assumption, (9, .) contains a sub- 
semigroup of type Rz, thus (S; .) cannot be a subdirect product of the 
semigroups Y,, L,, L!j only. On the other hand, R2 is not a homomorphic 
image of (S; .). Indeed, iff is a homomorphism of (S; +) onto R,, then the 
inclusion rc’ c Kerf= { (sl, sZ): sr f= s,f)} would imply (S; +)/Kerfto be a 
semilattice, i.e., R, would have been a semilattice. Therefore this inclusion 
is impossible. It follows that there exist elements x, ye S such that 
(x, v) E IC’ and (x, y) cf Ker f, i.e., that X, y belong to a same rectangular 
component of (S, *), say C, and xf # yf: In this case {x, xy} is a right zero 
subsemigroup of (S; *) because x. xy = xy and xy . x = x, the latter equality 
following from (x, y) E rc’. If x = xy, then xf = (xy)f= (xf)( JJ~) = yf which 
is a contradiction. Thus x # xy. Suppose that (x, xy) E ER. By Lemma 11 
there exists ZE S such that zx = zxy. It follows that f(x) =f(z)f(x) = 
S(zx) =f(zv) =f(zx)f(.Y) =f(.Y), contrary to our assumption. Therefore 
(x, xy) d E,, which contradicts the basic assumption of Case 2: there are 
no two-element right zero subsemigroups of (5’; .) whose elements are not 
E,-related. 
Thus R, cannot be a homomorphic image of (S; .). Since every subdirect 
factor of a semigroup is a homomorphic image of the semigroup, we see 
that R, is not a subdirect factor of (S; .). Thus (S; .) must have subdirect 
factors of type Ri. Therefore there exists a homomorphismf of (S; .) onto 
its subsemigroup B = (s, t, U} which has type R:. SincefE End(S; .), fmust 
be an endomorphism of (S; *). Now, if c1* = CI’ then u is the zero of (B; *). 
Since (s, t) E K’ = rc*, the elements s and t do not commute in (S; *). 
Therefore, (B; *) has either type Lt or type Ri. As in Case 1, we can always 
replace * by the opposite multiplication 0; thus we assume that (B; *) has 
type Rt. It follows that {s, t} is a subsemigroup of type R, in (S; *). If 
{x, v} is a subsemigroup of type R, of (S; .), then by Lemma 12 there 
exists z E S such that D = {x, y, z} has type R;. If tl is an isomorphism of 
(B; .) onto (D; a), then forEnd(S; e); hence fueEnd(S; *) and CI is an 
isomorphism of (B; *) onto (D; *). It follows that {x, v} is a subsemigroup 
of type R, of (S; *). Thus ail subsemigroups of type Rz of (S; .) have type 
Rz in (S; *). 
Next suppose that a* = (X)-I. Then u is the identity of (B; *), i.e., (B; *) 
is a semigroup of type Li or R:. In the former case case we can replace * 
with the opposite multiplication, therefore we suppose that (B; *) is of type 
R:. If {x, y} is any subsemigroup of type R2 of (S; .), then by Lemma 12 it 
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can be embedded in a subsemigroup (D; *) of type R!. If 01 is an 
isomorphism of (B; a) onto (D; u ), then far E End( S; *); hence fa E End(S; * ) 
and a is an isomorphism of (B; *) onto (D; *). Thus (D; *) is a sub- 
semigroup of type Ri. It follows that (x, y} is a subsemigroup of (D; *) of 
type R,. 
Therefore, in all cases the following two alternatives are possible: 
(1) all subsemigroups of type R, of (S; a) are subsemigroups of type 
Rz of (S; *); 
(2) all subsemigroups of type R, of (S; a) are subsemigroups of type 
L, of (S; *). 
The second alternative would hold if we had to replace (S; *) with the 
opposite semigroup (S; 0) in the above proof. 
Analogously, one of the following two alternatives holds: 
(3) all subsemigroups of type L, of (S; *) are subsemigroups of type 
L* of (S; *); 
(4) all subsemigroups of type L, of (S; +) are subsemigroups of type 
Rz of (8; *). 
If (S; *) contains subsemigroups of types R, and L,, then (1) and (4) 
cannot hold both. Analogously, (2) and (3) cannot hold both. Indeed, sup- 
pose that (1) and (4) hold. If (A; a) and (B; *) are subsemigroups of types 
R, and L,, respectively, then both (A; *) and (B; *) are semigroups of type 
RZ. As we have seen in the above proof, either (A; *) is an endomorphic 
image of (S, *) under an endomorphism f, or (A; *) can be embedded in a 
subsemigroup (D; .) of type R; and (D; .) is an endomorphic image of (S; .) 
under an endomorphism, say g. However, (S; a) and (S; *) have the same 
endomorphisms. Thus, either (A; *) is an endomorphic image of (S; *) 
underf, or (D; *) is an endomorphic image of (5’; *) under g. In the former 
case, for is an endomorphism of (S; *) onto (B; *), where a is an 
isomorphism of (A; *) onto (B; *). Therefore, u is an endomorphism of 
(S; .) onto (B; e); hence (A; a) and (B; .) are isomorphic with a as their 
isomorphism. However, this is impossible because (A; *) has type R, and 
the type of (B; *) is L,. Now suppose that (A; .) is not an endomorphic 
image of (S; .), i.e., (8; *) has no homomorphic images of type Rz. Since 
(S; a) contains a subsemigroup of type R,, (9, *) cannot be a subdirect 
product of semigroups of types Yz, L,, L! only, i.e., (S; .) must have a sub- 
direct factor of type R: [14]. Also, by Lemma 12, every subsemigroup of 
type R, of (S; *) must be embeddable in a subsemigroup of type R:. 
If (S; *) can be homomorphically mapped onto (B; .), we can prove that 
(A; .) is isomorphic to (B; a) exactly in the same way as above. Thus, (S; .) 
cannot be homomorphically mapped onto a semigroup of type Lz. By the 
dual of Lemma 12, (B; *) can be embedded in a subsemigroup (E, a) of type 
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L!j. Now, if c1* = w  then both (D; *) and (E; *) are subsernigroups of type 
Ri in (S; *); therefore they are isomorphic. It follows by an easy argument 
that (D; .) and (E; *) are isomorphic. Indeed, both (D; .) and (E; .) are 
endomorphic images of (S; .); hence (D; *) and (E; *) are endomorphic 
images of (S; *). Since (D; *) and (E; *) are isomorphic, any 
homomorphism of (S; *) onto (E; *) is a product of two homomorphisms 
(S; *) + (D; *) and (D; *) + (E; *). The same statement must hold in (S; .), 
which has the same endomorphisms as (S; *); hence (D; .) and (E; .) are 
isomorphic. 
If c1* = (a.))‘, then both (D; *) and (E; *) are subsemigroups of type Ri. 
Again, they are isomorphic, hence (D; .) and (E; .) are isomorphic. Thus, 
(A; .) and (B; *) are isomorphic, which is a contradiction. 
Thus we arrive at the following conclusion: either (1) and (3) hold, or 
(2) and (4) hold. 
Suppose that (1) and (3) hold. Let (C; .) be a rectangular component of 
(S; e). Then (C; *) is a rectangular component of (S; *), because K = x*. 
Let s, t E C. Then {s, st} is a right zero subsemigroup of (S; .). If s # st, it 
follows from (1) that {s, st} is a right zero subsemigroup of (S; *). Ifs = st, 
then {s, st} is a singleton; hence it is a right zero subsemigroup of (S; *). 
Now, (t, st} is a left zero subsemigroup of (S, *). By (3) it is a left zero 
subsemigroup of (S; *). It follows that st = s * st and st = st * t; therefore, 
st = s * st * t = s * t because the identity x * y * z = x*z holds in every rec- 
tangular band (e.g., it holds in (C; *)). Thus, (S; .) and (S; *) have the 
same rectangular components; i.e., part (1) of Theorem 2 holds. 
If (2) and (4) hold, then (1) and (3) hold for (S; *) and (S; q ), where 0 
is a multiplication opposite to *. Thus (S; .) and (S; Cl) have the same rec- 
tangular components, which implies part (2) of Theorem 2. This completes 
the proof of Theorem 2. 
Suppose Y is a chain semilattice, i.e., st = min {s, t} for all s, t E Y, and Y 
is linearly ordered. Then Y* denotes the dual chain semilattice, i.e., s * t = 
max {s, t} for any s, t E Y. If C is a rectangular band, then both Y x C and 
Y* x C are normal bands. Every band isomorphic to Y x C is called a chain 
normal band. If S and Tare bands isomorphic to Y x C and Y* x C, respec- 
tively, S and T are called dual. 
THEOREM 3. Let S and T be normal ban& with isomorphic 
endomorphism semi-groups. Then one of the following holds: 
(1) S and T are isomorphic; 
(2) S and Tare anti-isomorphic; 
(3) S and T are dual chain normal bar&; 
(4) S and T are chain normal bands and T is anti-isomorphic to the 
dual of S. 
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Conversely, if S and T satisfy one of (l)-(4), then End S and End T are 
isomorphic. 
Proof: The “converse part” is almost obvious. If (1) or (2) hold, then of 
course End S 31 End T. It is easy to check that dual chain normal bands 
Y x C and Y* x C have the same endomorphisms; thus (3) implies End 
S N End T. That (4) implies End S N End T follows from the previous sen- 
tence and the fact that anti-isomorphic semigroups have isomorphic 
semigroups of endomorphisms. 
Now suppose that S and Tare normal bands and A is an isomorphism of 
End S onto End T. By Proposition 1 there exists a uniquely determined 
bijection f: S + T which induces rr, i.e., rt = R,-. Thus, without loss of 
generality, we may suppose that S and T have the same set of elements, i.e., 
S = (S; .), T= (S; *), and End(S; .) = End(S; *). 
By Theorem 2, S and T have the same (or anti-isomorphic) rectangular 
components. First, we will suppose that S and T have the same rectangular 
components. We will prove that either (1) or (3) holds, i.e., S and T are 
either isomorphic bands or dual chain normal bands. 
LEMMA 13. A band S is normal if and only if, for every s E S, and every 
S,-, where S, and S, are arbitrary rectangular components of S such that 
S,<S, in the structural semilattice S/K of S, there exists a uniquely deter- 
mined element t E S, such that (t, s) E a. 
Proof: Necessity. Suppose S is a band, SE S, and S,< S,. Take any 
u E S, and define t = sus. Clearly, t E S, and t = st = ts, i.e., (t, s) E a. Now 
suppose that S is normal and (t i, s) E a. Then 
t,=st,s=st,ut,s=sst,uut,ss 
=sust,t,sus=tt,t,t=tt,t=t. 
Here the second and last of the equalities follow from the fact that t, t i, 
and u belong to the same rectangular component of S; the fourth equality 
follows from S being normal. 
Sufficiency. Suppose that the t described in Lemma 13 is uniquely deter- 
mined. Take x, y, z E S. Suppose that x E S,, y E S,-, z E S,, where S,, S,-, S, 
are rectangular components of S. Then both xyzx and xzyx belongs to S,. 
Clearly, S, < S,. Therefore there exists a uniquely determined t E S, such 
that (t, X)E a. It is easy to check that (xyzx, x) E a and (xzyx, x) E a. 
Therefore xyzx = xzyx, i.e., S is a normal band. Lemma 13 is proved. 
Remark. If S, and S, are rectangular components of a normal band S 
and S,< S,, then one can define a mapping d,f: S, + S, as follows: for 
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every s E S, let 4,&) be the uniquely determined element of S, such that 
(~,Js), s) E a. If sl, s2 E S,, then (ss, s*s, s) E LX; hence b&s, s2) = s.s,sZs = 
SSSlS2SS = SS1S’SS*S = f$&) ’ q&J(s*), i.e., d,$is a homomorphism of S, into 
S,. In fact, 4,r are precisely the structural homomorphisms between rec- 
tangular components of S as defined in [20] (see also [ 141). 
To prove Theorem 3 suppose that a normal band (S; *) and a band (S; *) 
have the same endomorphisms and the same rectangular components. Sup- 
pose that a* = CI*. Since (S; .) is a normal band, the order relation a’ 
satisfies the condition of Lemma 13; hence a* satisfies the same condition. 
By Lemma 13, (S; *) is a normal band. Therefore, in case when a* = a’ the 
condition of Theorem 3 that T is a normal band is superfluous and follows 
from other conditions of the theorem. 
Consider s, t E S. Clearly, (sts, s) E a*. Therefore (sts, s) E a*. Analogously, 
(s * t * s, s) ~2 a*. By Lemma 13, sts = s * t * s. Analogously, tst = t * s *t. 
Clearly, both sts and tst belong to a same rectangular component of (S; .); 
hence sts . tst = (sts) * (tst). Therefore st = sts . tst = (sts) * (tst) = 
(s * t * s) * (t * s * t) = s * t, i.e., the operations . and * on S coincide: 
(S; .) = (S; *). 
Now suppose that a* = (a.)-‘. By Theorem 1 in this case the semilattices 
(5’; *)/K’ and (S; *)/K* are dual chains. Also suppose that (S; *) is normal. 
Let Y be the structural semilattice of (S; *), i.e., Y = (S; .)/Ic. and let C be 
the greatest rectangular homomorphic image of (S; .), i.e., C = (S; .)/E, 
where E = E, n E, is the intersection of the congruences intoduced in 
Lemma 11. It is easy to see that C is a subdirect (in fact, a direct) product 
of a right zero semigroup (S; -)/ER and a left zero semigroup (S; -)/EL, 
hence C is a rectangular band. 
We are going to prove that s’ is isomorphic to the direct product Y x C. 
Let /? and y be the natural homomorphisms of (S; 3) onto Y and onto C, 
respectively. Define 6 to be the natural homomorphism of (S; .) into Y x C, 
i.e. 
4s) = (B(S)> Y(S)) for all s E S. 
To prove that 6 is injective, suppose that 6(s,) = 6(s,), i.e. (sl, s2) E K n E 
for some sl, s2 E S. It follows from (s,, st) E E that (si, s2) E E, and 
(sl, s2) E E,, i.e., ssl = ssZ and s, t = s2 t for some s, t E S (see Lemma 11). 
Therefore, we obtain s, t *ss, = s1 t * ssZ =s2 t. ssZ. It is easy to see that 
(u, s~)Ec~. and (u, S~)ECL. where u=sltss, =s2tssz; hence (s,, u)Ea*, 
(s2, 24) E a*. Since (sl, sJ E IC’ = K*, i.e., s, and s2 belong to the same rec- 
tangular component of (S; *), we have s1 = s2 by Lemma 13. 
To prove that 6 is surjective suppose that S‘E Y and HE C (in other 
words, S, is a rectangular component of (S; .) and H is a congruence class 
modulo E). We are going to prove that S,n H # a. Indeed, H # @; 
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therefore, there exists t E H. Let S, be the rectangular component of (S; *) 
such that t E S,. If S,< S, in Y, then, by Lemma 13, there exists s E S, such 
that (s, t) E W. It follows that ss=s=st=ts. By Lemma 11, 
(s, t)EERnE,=E, hence seH. Thus SES~H. 
Now suppose that S,< S, does not hold. Since Y is a chain, we must 
have S,<S,. Since a*= (a*)-‘, we have S,<S, in Y* = (S; *)/K*. By 
Lemma 13 (s, t) E a* for some s E S. It follows that (t, s) E ~1’ i.e., tt = t = 
ts = st. By Lemma 11, (t, s) E ER n E, = E, hence s E H. Thus s E S/n H. 
Therefore S(s) = (p(s), y(s)) = (Ef, H), which proves that S is surjective. 
It follows that 6 is a bijection of S onto Y x C; hence 6 is an isomorphism 
of (S; a) onto Y x C. It follows that (S; *) is a chain normal band. 
Now, applying the same argument as above to (S; *), we prove that 
(S, *) is a chain normal band isomophic to Y* x C*, where Y* = (S, *)/K* 
and C* = (S; *)/E*. Since K’ = K*, both Y and Y* have the same set of 
elements. Since a* = (IX) - ‘, Y and Y* are dual chain semilattices. 
Next we will prove that C = C*. To this end, we prove first that (s, t) E E 
if and only if (s, t) E a* or (t, s) E a’. As we have seen above, (s, t) E a’ implies 
ss = s = st = ts, hence by Lemma 11, (s, t) E ER n E, = E. Conversely, sup- 
pose that (s, t) E E. By Lemma 11, us = ut and sv = tv for some u, v E S. 
Therefore svus = tvus = tvut. Clearly, (w, s) E a’ and (w, t) E a’ where 
w  = svus = tvut. Let s E S,, t E S,, w  E Sh, where S,, S,, S,, are rectangular 
components of (S; *). Clearly, S,, < S, and S,, < S, in ;9 Since Y is a chain, 
either S,< S, or S, 6 S,. Suppose that S,< S,. By Lemma 13, there exist 
uniquely determined x E S, and y E S,, such that (x, t) E a’ and ( y, x) E a’. It 
follows that ( y, t) E a*. Since (w, t) E X. Since (w, t) E a’ and both y and w  
belong to S,,, it follows by Lemma 13 that y = w. Thus (w, x) E Q’ and 
(w, S)EQ’. It follows that (x, w) ~a* and (s, w) E a*. Since both x and s 
belong to S, which is a rectangular component of (S, *), we have x = s, 
again applying Lemma 13. Thus (s, t) E a’. Had we supposed that S, < S,, 
we would have obtained (t, s) E Q’. Therefore (s, t) E ~1’ or (t, s) E a-. 
Now, applying this argument to (S; *), we see that (s, t) E E* if and only 
if (s, t) E a* or (t, s) E a*. However, (s, t) E a* or (t, s) E a* means just that 
(t, s) E a’ or (s, t) E c(’ i.e., that (s, t) E E. Therefore E coincides with its 
analog E* on (S, *). Therefore C and C* have the same set of elements. Let 
G, HE C, i.e., let G and H be congruence classes modulo E. Choose any 
rectangular component of (S, .), say S,. As we have seen, S,-n H # 0. 
Analogously, S,n G # a. Let u E S,-n G, v E S/n H. Since u, v E S, and (S; .) 
has the same rectangular components as (S; *), uv = u * v. Suppose that 
G+H=F, in C and G*H=F, in C*. Then UVEF~ and u*vEF*, hence 
F, n F2 # 0. Since F, and F2 are congruence classes of E, we conclude that 
F, = F2, i.e., G. H = G * H. Thus, C = C*. It follows that (S; *) is 
isomorphic to Y* x C, i.e., (S; . ) and (S; *) are dual chain normal bands, 
and possibility (3) of Theorem 3 holds. 
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Until now we were supposing that (S; *) and (S; *) had the same rec- 
tangular components. By Theorem 2, another alternative is that (S; .) and 
(S; *) have anti-isomorphic rectangular components, or, to be more 
accurate, the rectangular components of (S; *) are those of (S; .) but con- 
sidered with the opposite multiplication. In this case we may consider 
(S; q ), where s 0 t = t * s for all s, t E S. Of course, End(S; .) = 
End(S; *) = End(S; 0 ) and (S; 0) has the same rectangular components as 
(S; .). Therefore, by the above proof of Theorem 3, either (S; .) coincides 
with (S; 0 ), or (S; *) and (S; 0 ) are dual chain normal bands. Hence, 
either (2) or (4) holds for (8; .) and (S; *). This completes the proof of 
Theorem 3. 
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